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Ray B. Munroe, JMays-Munroe, Inc., Tallahassee, FL, mm_buyer@ cotmezts

Abstract

In 2007, A. Garrett Lisi published a paper on “AxcEptionally Simple Theory of Everything”.
In response, this paper will explore the applicatb even-ranked Exceptional Lie algebras to the
search for a Theory of Everything (TOE). Particuddirention is given to the classi3, and
guasi-Exceptional, semi-simpl&l0, E12, and EB x H4 algebras. The complete skeletal
framework of a TOE including fermion, boson andlac&#oson content is presented for these

algebras.
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1. Introduction — Why Even-Ranked “Exceptional” Groups Are Special

Prior to A. Garrett Lisi’s [1] groundbreaking papam the E8 Exceptionally Simple Theory of
Everything (TOE), most of the approaches towardan@rUnified Theories (GUT'’s) or TOE's
involved either Special Unitary Lie Algebra GroupSU(n +1) or Special Orthogonal Lie
Algebra GroupsSQ(2n) and SQ(2n -1), wheren = Rank.

The Special Unitary groups were good for Yang-dilBBoson GUT's” that described
interactions of the fundamental forces; such asStaadard ModelSU(3). xU (1), x SU(2), of
order eight plus one plus three, the Georgi—GIaslSmQS) GUT of order 24 [2], and the Georgi
SU(11) GUT of order 120 [3].

And the Special Orthogonal groups seemed apptepida describing “Fermion GUT'’s”
that define fermion particle multiplets such as fgés so(10) with an order of 45 (technically

an SQ(10)x SO(10) of order 90 to include spin), and able to conthiee generations of Standard

Model fermions such as (u[*%b,eL'R,d[;%b,veL), (c[;%b,,uL’R,s{',%b,vﬂL), and

(t['ng'b,rL’R,b[;%b,v,L); although the right-handed neutrinos can alsmblidled as singlet states.

Previously, the author [4] noticed an interestiegmpattern in certain Exceptional Lie algebras,

as stated in Postulate 1 and shown in Table 1.

Postulate 1 — This pattern in even-ranked “Exceptional” Lieg8bra orders is given by
Order =N = nx[2xSQn/2+2)+1] = (n3 +6n2 +12n)/4, with a rank of (except forE6).

The actual order fdE6 is 78, which implies a less dense packing themHE8 . This may
have an analogy with the icosahedral group in whiehicosahedron with 20 lattice sites has the
same symmetry group as the dodecahedron with ti@elaites. Note the similarities between this
“Composition” pattern in Table 1 and the progressiéSO(n)algebras: 3, 6, 10, 15, 21, 28, etc.
The Coxeter-Dynkin diagrams of these new quasi-gtxaeal groups are given in Figure 1.
The 672 (1,008) roots @12 (E14) resemble a product of two (three) of Kleir)d?) modular

curves with 336 triangles each [5] or 10-dimensidaminated lattices\,, with the same order
[6]. The special feature of these even-ranked iddssceptional groups such &2, F4 or E8
and quasi-Exceptional groups suchE&, E10, E12, E(2n), etc. is that these Exceptional groups

of rankn are large enough to contain both a Special Unidéay a Special Orthogonal group of

rankn. This makes these Exceptional groups perfectdidates for a Theory of Everything
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Table 1 — A Pattern in Certain Quasi-Exceptional Le Algebras

n Name N = Order Composition
2 G2 14 2x(2x3+1)
4 F4 52 4><(2x6+1)
E6 vs. 78 vs. 6% (2x6+1) vs.
° E6'' 126 6x(2x10+1)
8 E8 248 8x(2x15+1)
10 E10 430 10x (2% 21+1)
12 E12" [7] 684 12x(2x 28+1)
14 E14 1,022 14x(2%x36+1)

Figure 1 — Coxeter-Dynkin Diagrams for Select QuasiExceptional Groups

Coxeter-Dynkin

Name Extended Dynkin
E6j =6x(SO(5) + 2x 4 +2) =120 ]
E6[5,32'1'1J 1%2-3-4-4-2 ”I"
4
E10, =10x(SO(9)+4+1+1)= 420 ]
E10[5,35'2'1J 1-2-3-4-5-6-7-8-4 *’Wfﬂ
1 1
E12R=12x(so(9)+8+6+4+2x1)=6720+030—H—0—0—:+0
E12[5,35’2'2’1J 1-2-3-4-5-6-7-8-8-6-4
1 1
L - W
H4[5,32] H4p = 4x(10+4x5)=120
XE834,2,1] 5-5-10-5 . 1%2-3-4-5-6-4-2
é E&;R:8><(so(7)+4+3+2):240\3

' ThisE6’ may represent the union of &6 containing 72 roots with its duBb* containing 54 roots.
" It has been suggested that tAE2 should be calle&12' to tie in with the Coxeter-Todd12 lattice
Ref [6,7] with 756 roots and similar symmetriest the author previously called tH< 2 in Ref's [4,5].
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(TOE) that contains a Special Unitary “GUT #1” amd Special Orthogonal “GUT #2”
(see Postulate 2, Equation 1 and Table 2).

Postulate 2 — These even-ranked Exceptional Lie Algebras memag into a product of Special
Unitary and Special Orthogonal Algebras of equakrames an Exceptional Algebra of smaller

rank.

E(N)g.s - SU(N+1)x SA2n)x E(n-4), or

E(n)s.e ~  A)x  D(n)x E(n-4); (1)
TOE ~ GUT#L GUT#2 Mulliplet

Table 2 — Exceptional Groups and Sub-Groups

n | Name E(n)neq su(n+1) sd2n) Difference

2 G2 14=2x7 8=2x4 6=2%x3 0

4 F4 52=4x%13 24=4x%x6 28=4x7 0

6 E6' 126=6x21 48=6x8 66=6x11 G2, =12=1x12
8 E8 248=8x 31 80=8x10 120=8x15 F4; =48=3x16
10| E10 430=10x43 120=10x%x12 190=10x%x19 E6; =120=6x 20
12| E12 684=12x57 168=12x14 276=12x23 E8g =240=10x24
14| E14 1022=14x73 224=14x16 378=14x27 E10, =420=15x28

Here,n is the rank of the even-ranked Exceptional TOEec& Unitary and Special
Orthogonal groups; the subscrii®@ is the number of rootsn3/4+3n2/2+2n in a
guasi-Exceptional grou;E(n)R; and the subscripR+ B is the number of roots plus basis
n®/4+3n%/2+3n in a quasi-Exceptional groufE(n)s,;. Note the emergence of a new

“Difference” term E(n-4), in Table 2 that may be interpreted as a fundarheBtanion

multiplet for n= 6. Combining ideas from Postulates One and Two agdr€& 1, we realize that

these new quasi-Exceptional algebras are previaustentified semi-simple Lie algebras:



RB Munroe Jr, “A Case Study of the Geometrical Nanf Exceptional Theories of Everything”

E4l3°2|x H 2[5 - 6|53~ Adl3°|x Del3*|xG2g

Eg[342!|x H 2[5] E1053%%| . mw03°|x D1d37]x E6[537] )
E8[3** [x H4]537| - E1253 5'22'1] -~ AL23"|xD1 39,11]x E8[34’2'1] ,and @
E83%% |x H4|53%|x 12]7] - E147535221] . A1433|x D14i31%|x E10[535%] .

2. SU(N+1) Boson GUT'’s

The Yang-Mills Boson GUT's represented by the Sglednitary groups are assumed to closely
follow the author's prior efforts at a Boson GUT] [#vith certain groups being very

important, such as a 2-dimension&l(3). of Color and a 4-dimensional Georgi-Glashow

SU(5)eur — SU(3)e xU (1), xSU(2), + sA4), +Sd4), that includes Electroweak.

Postulate 3 — There is an evident similarity between certaipstal symmetries and certain

SU(N) Lie algebra symmetries.

Postulate 3.1 — There is an evident similarity between the Tretthal Conjugacy classes and the

Georgi-GIashovaU(S) Boson GUT Lie algebra symmetries (see Equation 3).

x C; C; §, oy X g g XY X g g X Y
C; G C § oy g 9 g XY g 9 g X Y
C; C C S og4|=|9 9 9 X Y|=|9g g g X Y 3)
S, S, S, 1 C,| |[X X X B W X X X y° w-
o, g4 g, C, C, Y Y Y W W Y Y Y w Z°

Equation 3 Legend -C,= Rotation by 180° (degree 2§,= Rotation by 120° (degree 3),
1 = Identity, S,= Rotoreflection by 90° (degree 4y, = reflection in a plane through two

rotation axes (degree 43 = Weak Hypercharge ofl (1), (degree 1)g = Gluons of SU(3).

(degree 3),y = Photon\W = Neutral and Charged/'s of SU(2), (degree 2)X > & Y /=
Leptoquark bosons (degree 4) of a Georgi-GIasmﬂQS) GUT, andZ = Neutral Weak IVB.

Here, the Strong force is placed in the top lekifan, followed along the diagonal by the next

stronger Electromagnetic force (related to Weak éfgparge), followed by the weaker Weak
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force in the bottom right position. The Georgi-Glag/ SU(5) GUT has an order of 24 as does

the total number of tetrahedral conjugacy clasgks. Strong force has degree and order of three

and eight as doe€,, the class of tetrahedral rotations by 120°. Atleo sub-symmetries follow
similar comparisons. These reflection symmeti@gsand o, have a higher degree of symmetry
than the rotation symmetrigs, and C,, and are, therefore, intentionally placed in afgbnal

positions, thus representing higher rank terms. Bhand W names reflect the unbroken

Electroweak symmetries. After Spontaneous Symmigteaking of the Electroweak symmetry,

these(B°,W°,W* ) mix quantum states to becore?, 2%, W*).

Another  important Boson GUT is a 6-dimensional SU(7)g, —
SU(B)sur XU (1), *SU(22), +8V (based on Octahedral symmetries) that introduces
Hyperflavor (more details are presented in ChapferThese new algebras decompose via

U(1),xsd24), - U(D),*xSU(2). xSO4), xSO4)e — 2H +2z+4aw+2w° + 4w +2w°.

Postulate 3.2 — There is an evident similarity between the Oetlthl Conjugacy classes and a

proposedSU(?) Boson GUT Lie algebra symmetries (see Equation 4).

x G G § g § S X g g XY VYV X g g XY V V
G G G S5 g & S g g9 g XY VYV g g g X Y V V
G G G 5 g G G g 9 g XY DE gggXYWV\/(4)
S, S S, 1 CIC C|=|X X X BWDE[=X XXy wW w W
o, g, g0 C2 C; C, C, Y Y YWWDE Y Y YW Z wW w
$ §$ C C, C i o0, |[VV DDTUD ¢gcC VVwwwW z H,
S S C C C o o, V.V EEETCTC V VW W Wl H, z

Equation 4 Legend — Same as Equation 3 plD$= Rotation by 180° about a 4-fold axis,
C,= Rotation by 90° (degree 4), = Inversion, S;= Rotoreflection by 60° (degree 6),
o, = reflection in a plane perpendicular to a 2-foldsa(degree 2),0,= reflection in a plane

perpendicular to a 4-fold axis (degree 4}, D, E, w and z = Hyperflavor bosons

(degree 4)H, ¢ = Higgs, andv¥2 = SWU7) Grand “bosons” (degree 6).
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Other important Yang-Mills Boson GUT’s include an -diénensional
pseudoSU(9),; — SU(7)syr XU (M) x pseud®q3),q +12T +16(or18)U that introduces
Gravity, a simplified WIMP-Gravity, and a near ued CKM-PMNS Matrix (the top
left 6x6 of Equation 15 in Section 5.2) and a 10-dimendion&U(11),,; —
SU(7)eur XU [@)g x SA51),c +12R+12S+12T + 20U (based on Icosahedral symmetries) that

completes WIMP-Gravity (see Section 6.3) and thdigth CKM-PMNS-Munroe Mixing Matrix
(see Section 5.2). Howard Georgi [3] has also amitibout aisU(11) Boson GUT.

Postulate 3.3 — There is an evident similarity between the lbeslal Conjugacy classes and a

proposedSU(ll) Boson GUT Lie algebra symmetries (see Equation 5).

x C, C C C G C S Sy So So X aaawaccTTRR
C, G C C C C C Sy S Su So aaaaaccTTRTR
C, C, C C C C, C S S Sy So aaaaaddTTRTR
C, G C 1 C C, C § § C c aaabocddUU S S
C, C, C, G G C C § § ¢ c aaaccddUU S s|(@5)
¢C, G C, C, C, G C § § ¢ ci|l=lccdddcdUU S S
CGG G C, C, C C C § S S S ccdddddUUUU
o S S S S S S 0o o o TTTUUUUGTFFF
SS S S S S S S o o o o TTTUUUUTFFFF
So So So CZ2 CC C'S o o o o RRRSSSUTFTFTFF
Sy So Sy C2 2 C2'S o o o o RRRS S SUTFTFTFF

Equation 5 Legend — Same as Equations 3 and 4 @lus:Rotation by 72° about a 5-fold axis
(degree 5),C2= Rotation by 144° about a 5-fold axis (degree S),= Rotoreflection by 36°

(degree 10),S2 = Rotoreflection by 108° (degree 10): reflection (degree 2)y = “Color”
20-plet, b = U(1), “Photon”, ¢ = “Higgs-Weak” 12-plet,d = Hyperflavor SQ(24),
F = “Fifthons” = WIMP-GravitonsG = Graviton,R, S, TandU = SU(11) Grand bosons.

More speculative Boson GUT’s include a 12-dimenalo
SU@3)yr — SUMDgyr % SUB)see, + SAB), + SAB), (see Table 3) that introduces new
dimensions apparently responsible for three Fermgmmerations, and a 14-dimensional
SU@5)syr — SU@LDgur X SU(B)see, + SAB), + SA5), + SAB),, + SAB), that introduces

new dimensions that imply the possibility of fivermion generations.
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Table 3 — AnSU(13) Boson GUT

<—DDDDDDDDDDDDDg_dDﬁH(Jﬁ)DDDDDDDDDDDDH—»

FDDDﬁ_BEL&S)]DEDQ

I | g9 | g | X" Y~

g9 93 gbG X9 vor VR | VR T4O Tsou R | R NzIj N7D

g | g® | o® [ XPT YT W w1 [ R | RSNG| NG

X r+ X g+ X b+ y W+ WI' Wi+ U f_ U 2— Sf+ S;

YLYSIYT w20 | wp | wet | US| U s8] s NG| NG

Table 3 Legendf = Fifthons = WIMP-Gravitonsg = Gluons;G = Graviton;y = Photon;
| = Identity; N, P and Q = Generation BosondR, S, Tand U = SU11) Grand Bosons;
V = SU7) bosons,W, andZ = Weak IVB’s; Otherw's andzs = Hyperflavor Weak IVB'’s;

X andY = Leptoquark Bosons; ard= color ,g,b).
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The SdZn) groups are the set of operators that intercormeéntplet of fundamental particles.
Combining this interpretation with the anticipatéérmion multiplets E(n—4)R yields the
multiplet and generational structures listed in tB#ference” column of Table 2. Clearly, the
first serious candidate for a TOEE vdth three generations, each containing 16 padicl

In the author’s opinion, all Exceptional groupShNE(n) n=14 should be ruled out as
possible TOE's because of the seven-fold symmeafieke E(n - 4), multiplet — this idea will

be developed more fully later. Consequently, thestmiateresting even-ranked Exceptional
TOE’s are E 8§ E10, E12 and E8xH 4 Some of the literature refers 8 ¥Bhd E12 as
infinite dimensional Kac-Moody algebras. This papél refer to the quasi-exception&d I1dhd
E12 algebras with rank and order defined in Tablead 2 Next, we will analyze the properties
of SQ2N) Lie algebras.

3. SO(2N) Boson GUT’s

Postulate 4 — Our SQ2N) Boson GUT'’s are assumed to be partially compageah SUN+1)
Boson GUT and a scalar multiplet consisting of IdigGoldstone-like particles and longitudinal

degrees of freedom (dgf’s).

SA8) ~ SUB)our +(Ho . @, 0y, 0 )

Sa12) - SU(7)gr +(@,,.0,, 60, 60, )

5d16) ~ SU@)eur + (G, @r. 1200, 8D, ) (6)
$0(20) - SUYgyr + (@, p 120, 160, )

S024) - SUY gy + (Gr, G, G, 5P, D, , Do, AD, 120 120 )

Legend for Chapter 3: Same as Table 3 plubt, =Standard Model Higgs;
®,,d,, =Longitudinal Polarizations (LP’s) for Standard Wel/B’'s, ®,,®, =LP’s for

Georgi-Glashow Leptoquarks$,  =LP’s for Hyperflavor-Weak (HFW) diagonal IVB's;

®, =LP's for HFW off-diagonal charged and neutral IVB'®), =LP’s for SU(7) Gravi-
Hyperflavor “Bosons”; Gg =Gravitational Goldstone; ®. =LP’s for WIMP-Gravitons;
®p, O, d;, P, =LP’s for off-diagonal SU(11) Grand Bosons;G. =WIMP-Gravitational

Goldstonest;bQ =LP’s for Generatons.
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Combining Postulates Two, Three and Four, we aréoléige following Boson GUT examples:
Example - SU(5)+ SO8) - F4, A 52-plet Boson GUT including 4 extra Scalars:

30 80 O O
30 80 0 0 g g 1% Z
9 9 4 Z rgt gro -0 F+0
g0 gf0 -0 F+0 g g X Y
9 9 X Y rb0 bFO % §-0  \G+0
grED ngD X -0 y@+o g B g B ° i
0 ba0 . El + gng gbgD X b0 ybO | | =¥ (7)
gg 9 ’ X Y r+0 g+0 b+0 -0
r+0 g+0 b+0 -0 X X X w
X X X W Yr—D Yg—D Yb_D W+D
r=0 g-0 b-0 +0
Y Y v W H, @, (ORI O}

w w*

Example 2- SU(7)+ SA12) - E6' - G2, A 114-plet Boson GUT including 18 extra Scalars:

g g y Z Z;
30 80 0 0 0 0 g" g’ X" \ v’ Ve
g g y z Z Z; g° g" x 0 yO V& V&
gD QD ) G AV A 8] 0 0 0 +0 +0
¢ 9 X Y woow
g” g x° yo yO yO

MRV yU yU e WO o (8)

yo  yo & w2 woD oo V' Ve Wy W2 H-
m} | =0 =0 00 +

VO VO w® w® w® H \Y V W, W, w H
vo yo W:l—D WIZ—EI w'o HH Hy P CDW‘ chv* CDZI CDZZ
1 2 P . 6. O, . O, D

Y Y9 Y Y Y9 yb+
CDXH- q)xg+ q)xb+ q)XF_ cbxg_ CDXB_

30 80 o &l o o &l o
g g 1% VA Z; z, G Fq
o 0 0 0 o 0 o 0
g g X Y Vv \Y T T
3m .80 O O 0 O O 0 g- g¢g” X% y°" v® ov® T8 T
g g 14 4 z z G- F
1 2 3 o & 0 0 o al o 0
o o o o i o o o g g X Y w w T T
g g X Y \4 \4 T T a] o a] a] o o o o
o 00 oyD yO0 o yO 0 70 X X X w w w U U
g g vyl oovD vl ow? ow? ow? oyt uco
o o o o &l o o o
9 9 X2 Y= w w T° T VERRVE: al o 5 K- u° u°“ (9)
O 0 O O 0 0 0 O w w w
XUxT Xt wt Wt Wt ut ut e o e e e
o o &l o o o &l o
YOS ovews weowt o ut ot S S D L e e g e
o o &l al &l &l o 1
Vv \ w w w H, U U o 10 0 o yo y? o Es
VD VD WD WD WD H UD UD 2
o o &l &l o ; O O H @, &, o, @, P, G; P,
T T T U U U U F 1 2 3
TO 70 70 yo y° yo yo g-o e, & &, O, O, PO, D, D,
2
Oy By, Dy B, D D, D, D
® O D O D, O, O, O,
w w w w w w w w
o, ®, @, O, O, b, b, B,
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Example 4- SU(11)+ SQ20) -~ E10- E6}, A 310-plet Boson GUT (Equation 10):

Wl P28 L P G RS Fo ko
ooxo oyD oyoo oyl o0 7o R’ R
I C VIR VERRVE RN SR R’ R
O O O 0 O O 0 0

X Y W T T R R
g g v’ zZ8 3 7z GY R R R

XD YD VD VD TD TD RD RD WD UD UD SD SD

0

nj

0 WD U ] U ] SD SD
0 H- U ] U ] SD SD
0 H + U (m] U (m] U u} U [m}
]} U ]} U [m} F1D FBD FDD
U U e
0 SD U ] FAD FCD FED

SRS SR VN = o S

o [m} [} [) [) [m] [}

<
O
<
[}
ED
ED
0w mnCCs s s = =

TO 70 0 yo uo? yo FZD FBED FIIED qHJL zz ‘:;w :))W 7 222 EG q:;s,o qu:s,o q)qzls,o
RD RD RD SD 0 SD u O FAD FCD FED CDY qJY qJY qJY qJY qJY CDW qJW CDT qJT
RD RD RD SD ] SD u O FAED FCED FEED (DX (DX (DX (DX (DX (DX q)W (DW q)'l' (DT
w w w w w w w w T T
o, @, O, O O b b O O O
D, B, B, B, B, B, B, b, & O
b, by By P, P, O, O P P o

c
[
[
[
C

u

—
=

Combining SU(N +1) algebras withSQ2N) algebras allows us to represent spin-up bosons
(the SU(N +1) degrees of freedom (dgf’s)) plus spin-down bosenalar/ Higgs bosons, and the
longitudinal degrees of freedor® that allow bosons of mass and spin (tﬁ@(ZN) dgf’s).
Table 4 reviews the bosons in @d24) Boson-Higgs-Longitudinal GUT. Note that the
SU(N +1) Boson GUT'’s are on the left bottom corner of Tabl@vith basis bosons across the

top), whereas the Higgs-Longitudinal GUT’s are lom tight top corner of the Table.

The size difference between ti%(2N) algebras and th8U(N +1) algebras seems to
determine the number of Higgs and longitudinal degrof freedom (dgf's) unambiguously.
Note that the Gravity — WIMP-Gravity sector seerasdivide into (Fl,Fz,F3,F8,F15) times
three constrained (via Clifford bivectors and/ or BRBheory) spin projections each, either
(+ 20,-2) or (+10,-1); and (F,_¢ ) times five spin projections eacf 2,+10,-1,-2).

Next, we will study simplices as particle multigdethen we will analyze important
sub-components common to all three of these grodpsa 3-simplex of Electro-Color,
2) two related versions of Gravi-Weak: a 3-simptdé>Gravi-Pati-Salam-Weak and a 4-simplex
of Gravi-Hyperflavor-Weak and 3) a 2-simplex of @eations. The product of these simplices

builds lattices representative of Exceptional ggoup

10



RB Munroe Jr, “A Case Study of the Geometrical NatfrExceptional Theories of Everything”

Table 4 — AnSO(24) Boson GUT with Higgs/ Scalars and LongitudinaDgf's

ooooooooooooooofEE¥noooooooooooooo-
7
~0noooooooooofRP8¥oooonooooom.

.ooooooooPPe8¥®ooooooooo -
%
PDDDDDd}EE%l%)DDDD[D—»

g g y Z

Wo W H | Py

g9 | g® | g% [ Pw

g gr gbf gbg CD\'/]vl

X r+ X r- Yr— YF+

X9t | X9 | y9 | yo*

xbP* | x b- yo- YB +

V,_D+ \all Wy Wi q))D(b <D$b q3w+ q3w+ cDT6 (DEG q)UQ ‘DEQ

VIV wy w1 | R0y | oy | Py | By [ Py | @y

VR' VR [ W wit | W) w | oy | oy | Py, | Dy, | P |

VRS VET | w | wt | w® | w oy oy [ O | e [ By | 0y
T10 T10IZI -I-ZOIZI -|-40 -|-40IZI -I-SOIZI CDV CDV q)u4 (D54 ) S o)) I§4
-|-20 -|-30 -|-30D -I-So -|-60 -|-60D F, F, @, q;Es Dy qgg5

UF* [ us™ [ ugm [ ufr U Jugr [ ust Ul | @y, | @y, | O | @

US [ US | US | U |ug | ug | us Ul | @, | @0, | P | @5
RO | Ri | RO RS | S| S| ST | Pue | Puy | Pre | P,
RRR | R | R | S| s | s$|Us | Ug" [ P | @
R | RS | Ry | Ry | S5 | S | S| S| Ug | US| Pr | Dp
Fa | Fs | Fo | Fo | Fe | RO | R | RO | RS | R | P | @g
P, P, P, P, P, P, P, P, P, Po | Pr | P&
P:I.Ij PZD PI%Ij P4D I35'] PGD P7D PBD PQD Pl% Ql Q2
N1 N2 N3 N4 N5 N6 N7 NB N9 N10 Q4 QS
NS |OND | NS NS NS N ONT NS ] ONS | OND | Qe Q,

11
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4. Simplices as Patrticle Multiplets

Postulate 5 — Because Simplices and Particle Multiplets sharerson mathematical properties,

it is assumed that Particle Multiplets may be repneed by Simplices.

Consider the example of a 3-simplex (tetrahedrond asrticle multiplet. This is the simplest
example that demonstrates all of the basic prageedf these simplices, but is also justified by
Hyperflavor-Electroweak (HEW) [4] and examples aildw in this paper. We will assume an
SU(4) Lie algebra with diagonal operatd|@,,Cq,Cs).

We want to construct a simplex with the followipgpperties: 1) the sum of all charges
within a particle multiplet equals zero, and 2) pdirticles have the same distance from each
other. As a consequence of these two requirementsealize that all particles must also have the
same radius about the origin.

Table 5 is deduced by process of trial and eiote that the strengths of the charges

(C3,C8,C15) are introduced in a ratio C(L \/5\/6) In the general case, this approaches a ratio

of the square root of the progression of Special th&onal orders

(l V3,/6,410, \/1_5,...,,/nfn +15/2). Coincidentally, if we generalize the Gell-Mann n#s to

n dimensions, then the renormalization pattern fohosé basis matrices

(/13,/18,/115,/124,/135,...,/1n(n+2)) follows the identical pattern. These four particlectors
(A,B,C,D) exist in a three-dimensional spaf@;,C,,C,;), are each one unit from each other

(such asA%g =(1-2P + L+ L =1, A2 =(3-0f +1(2-0) +1(2-2) =1, etc) and are
]

each ,/%’s of a unit from the origin (such asrjzr§z(¢%)2+§(%) 5

=02 +1(-1?+1(2) =2, and r2 =(0)* +1(0)> +1(2) =2). In the general case, our

n-simplex will exist inn-dimensions; haven+1) particle vectors that are one unit from each

other, and./n/(2n+2) of a unit from the origin. Note, that by constiont we have

> Cy=1+2+0=0, >\3C;=3+3-1+0=0,and > V6C;=2+2+2+3=0.

AB,C,D AB,C,D AB,C,D

12
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Table 5 — A 4 Particle Multiplet as a 3-Simplex

romons| & | 30 | 9505 | & | | [hmons| & | V0 | 50|
A Bl K 7 0 A 7 7 % 0
B Y| Y 7 0 B % 7 % 0
C 0 -1 Yo | h C 0 1 % %
D 0 0 % | 4 D 0 0 b L
Sum 0 0 0 0 Sum 0 0 0 0

Grand Unified Theories (GUT’s) generally requirdsttieature within a particle multiplet.

Interestingly enough, a secondary conserved quamwmber emerges from the mathematics:

Cqg = (\/§C8 +\/§C15)/3: 0.+ % ,£1 etc. This is due to the fact that both charges llageemmon

factor of /3, and has a net effect of collapsing the algebrandinto one fewer dimensions and
introducing a broken symmetry. In the general case,will have more secondary conserved
quantum numbers, such asC,, =(\/1_0C24 +\/1_5C35)/5= 0t%,xletc, and so on.
These geometrical constraints may be related tifo@li bivectors and the first-class constraints
of BRST formalism (Becchi, Rouet, Stora and Tyu[8])

Note that antiparticles could simply be the ini@rsoperator applied to these particle
states, such tha =(%,-%,%), etc. (see Table 5). This 3-simplé®,B,C,D) and its dual

(KE,E,E) collectively comprise the eight vertices of a eutiVe may rotate from ousU(4)

basis(Cs,CS,C15) into a cubic basiiCX,Cy,Cz) and vice versa with the transformations:

c) (3 -J3 -6 C, C, . J6 0 4e)cC,
Cy =ﬁ 0 2\/5 —\/6 C8 & Cg =2—\/§ _\/E 2\/5 \/E Cy (11)
C, 3 43 6 |Cy Cys -2 -2 2]|gc,

such thatA:Z—k(l,l,l), B:z_k(_l]’_l)’ sz—%(l—l—l), D=1 (-1-11), A =—L(111),

B = z—jE(L—m), C= 2—%(— 111) and D = 2—}2(],],—1) in the cubic(C,,C,,C,) basis (Figure 2).

13
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Figure 2 — Nested Dual Tetrahedra (3-Simplices) asCube

Cy

4

Ol

--------

How do these simplices relate &J(n +1) or SO2n) Lie algebras? Figure 3 is a Petrie polygon
of this 3-simplex using the basis vectors of thdlapsed aIgebra(Cs,Cé). This figure

demonstrates how the four particle vectors of Bamplex example can be interconnected with
the six vector operators (such AB, AC, AD, BC, BD, CD) of a rank-2 Sd4) (this defines

direction in the original basiécs,cs,cw), but not to and from). If we require two different

operators for each direction (this also defineartd from), then we have the twelve operators of a
rank-(2+2) SO4)x SO4). And adding in the three basis vect@,Cy,C,5) gives the fifteen

operators of a rank-BU(4). In the general case, arsimplex has(n+1) particle vectors that
can be interconnected with &Q(n+1) of order[n(n +1)]/2. Doubling this order and adding
basis vectors, we have an order ofn+2), which equates with anSU(n+1) algebra.
Previously, the author [4] assumed a relationstepvben the rank of arSU(n +1) Special

Unitary Lie algebra and the number of dimensionsvimch it exists. This example relates the

rank of these Special Unitary Lie algebras spedliffdo ann-dimensionah-simplex.

14
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Figure 3 — Petrie Polygon of a 3-Simplex

4.1 A 3-Simplex of Electro-Color

A relevant application of the 3-simplex is Elec@otor. Quantum Chromodynamics or Color
Theory is a 2-simplex (equilateral triangle) whetyoquarks are considered, and Lisi [1] and the

author [5] have described a triangular lattice 062; - SU(3), x SO4), -

SU(3)e x SA31)4. — SU(3)c +3, +3; color somewnhat thoroughly. However, if we consider
the possibility that leptons are a color singlée(tcolor” white), and part of the Electro-Color
tetrahedron (the triangle off, g,b) color is one of the four faces of this tetrah@jlyéhen we are

lead to the results in Table 6. The color chargdlew Lisi’'s definitions, and the definition of

white is uniquely determined by the secondary comse quantum number

O = (\/:_% Os —%Y')/S, the sum of charges (such ag g; =0 etc.), and the definition of".
r,g,b,w

Table 7 presents gluons as color translation vectaith g2 = g®%q2 and leads to Postulate 6.

Postulate 6 — Bosons are defined in terms of translation wschetween Fermions. Therefore

Fermions and Bosons exist in Reciprocal (Dualjdestfrom each other.

15
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Table 6 — Two Dual 3-Simplices of Electro-Color

Dim’s aa ab ac Dim’s aa ab ac
Bosons O3 Os y Bosons O3 Os y
e o o a| [Tm La|wr|s
Redr v Y B A 0 Anti-Red 7 Y Y v 0
Greeng Yl oY% ¥ 0 Anti-Greeng | % v b 0
Blue b 0 -1 VoY Anti-Blue b 0 1 % %
White w 0 0 ¥ A Anti-White w | 0 0 73 A

Table 7 — The Off-Diagonal Gluons as Translation Vi@ors

Charges- J3x | 3 , Charges- V3x | ¥ x ,
Ag, | Ags Ags .| Ags

| Bosons Agg AY | Bosons Agq AY
g 1 0 0 0 g¥ -1 | o0 0 0
o | s %] o |x o | %% o | %
g% Y| % | o | x g ol %o o | %

This definition of bosons and fermions leads to ¢baclusion that all fermion-boson-fermion

vertices are simple three-legged vertices (SecBd3). New color combinations such as

rw, gw, bw, wr,wg and wb will be important to theX and Y Leptoquark bosons oBU(5)

(Sections 4.2 and 6.3). The four “coloré“,g,b,w) are the four corners of this 3-simplex.
This SU(3)xU (1) product of Lie algebras has three chargs3gs,%Y’). From Table 5,

we might expecSU(4) charges 01(93,\/598,\/5915), which implies the GUT result:

2 2
2, _(Gs] _[ “3 ) _3
sin® 8, —( v j (Z@J 5 (12)

Y' is defined agv, for (u,_,e_,d, ,Ve ) or Y for (Ug,€r,dr,Ver), & May be summarized as:

3 for quarkqu,d,c,s,t,b) orcolor=(r,g,b)

-1 forlepton &Ve, iV, TV, orcolor=w
Y= . o _ (13)
Y forantl-quarks(ﬁ,d,E,§,t,b) orcolorz(r‘,g,b)

1 for anti- lepton é,ﬁe,ﬁ,vﬂ,f,vr) orcolor=w
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4.2 Gravi-Weak

Lisi's E8 TOE used a Gravi-Weak unification of a Pati-Salfeak force and a Gravitational
force based on Clifford algebra. At first glandeistseems to be as odd of a pairing of forces as
Electro-Color, but these strange relationships giald clues to the structure of Spacetime and
Hyperspace, and will be discussed later.

Lisi's Gravi-Pati-Salam-Weak had two Weak chargesl two Gravitational charges.
In contrast, this Gravi-Pati-Salam-Weak has two Kigzarges and one Gravitational charge, and

is able to generate another 3-simp|(a»g,dL,uR,dR) (see Table 8). The 4-simplex of Gravi-

Hyperflavor-Weak in Table 8 is partially inspireg Blyperflavor-Weak Theory [4], and the fact
that the larger quasi-exceptional algebri&s, at@ E12, require the five-fold symmetry of a
pentachoron particle multiplet. This secondary eowsd quantum number is important,

and has the interpretation of a right-handed weaospin projection operator,

Tor = (\/§T3HF +\/§T8HF )/3 The fifth vertex of this 4-simplex has unusuadccteristics.

Table 8 — A 4-Simplex (forE10 and E12) or 3-Simplex (for E8) of Gravi-Weak

Dimensions t ba bb bc t ba bc
Bosons A z z; G z° B2 G
Charges-

| Fermions Kt \/§T3HF \/_GTBHF ‘/ETG T | To Ta \/§T3PS \/_GTG

fe=.e) | % 7 7 % 0|0 % 7 %
flIE = (dL'VeL) 7 % 7 % 0 0 7 7 %

f,o=(uz.8:) | O 1 A FA % |0 0 1 %
fin =(dr.Ver) | O 0 Be % % | 0 0 0 %
sf,=(sqsi) | o 0 0 -2 0 | % undefined

il=e.u) | %! » % % lolol|l|l®n| » %
fl=a.d) | % | » % % ool xn| » %

flg = (eR , UR) 0 -1 7 Wz %% | 0 0 -1 B
fl=(ven.d) | © 0 % % | % |o 0 0 %
o =(sl,sg) | 0 0 0 2 0 | % undefined
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This new “particle” appears to have properties egjent to a “scalar fermion” [9]. It is a
“fermion” because it belongs to this fundamentatipke multiplet. But it has quantum numbers
that imply a zero spinT; = @nd T, = Q thus it has neither a left-handed nor a righteeahn

isospin projection. Doess; =T, +T,; +T5 =%4,%%,... define a generalized Gravi-Weak

Fermion? Are the spin projections for these newntpididden in a Hyperspace dimension?
Do these “scalar fermions” manifest themselvesaabyons, BRST or Faddeev-Papov ghosts,

or physical particles? The designation for these gaeanta in Table 8 is preceded by &hto

indicate generation- dependent scalar fielsks, sf, , sf,, f,,sf,,sf,) with all four electro-color
guantum numberir,g,b,w). A 4-simplex (Figure 4) plus its dual contains fdérticle states
(fLD, £, 8, f8,sf, £0, f 0, f2, fRD,sF). These particles may be interconnected with thiy-fo
five operators ofSO[10) or E5. Table 9 enumerates the Electro-Color-Gravi-Wea&ngum

numbers for the first generation of fermions. Th@caming Sections 4.3 and 6.3

will  also account for generations, spin and antitexa Note the new
conservation laws:gg = (\/§gs —%Y’)/Bz 0,,...., T =(\/§T3HF + /6T, )/3=O,i}/2,... and
Tg =(\/ETG + Fg)/5=0,i}/2,... . In Figure 4, the secondary gravity quantum numbg is
defined with the expectation that Gravity and a M#WWP-Gravity will collectively comprise a
Clifford bivector and mix charges such thgf = (\/ETG ¥ %)/5= 0,%;,etc. (see Tables 8 & 9).
Having defined a right-handed weak isospin, ialso logical to define a right-handed
weak hyperchargeQ=T, +3Y, =Tz +1Yg, so thatYg =2Q-T,;. Now we can state the

electric charges of these new scalar fermions:

3% for sf of color=(r,g,b)
_ |7 for sf of color=w

= _ _ 14
¥ for sf of color (_r,_, ) 4
¥, for sf of color=w

Thus, thesesf scalar fermions are not the supersymmetric pastieethe known fermions.

We may now define more bosons as translation v&dto Electro-Color-Gravi-Weak

guantum numbers. Table 10 defines 8id(5) X andY Leptoquark bosons in color-hypercharge-
weak isospin quantum numbers. Table 11 definesHyerflavor w bosons and theSU(?)

Gravi-Weak 'V bosons” in weak isospin-hyperflavor-gravity quantaumbers. New Feynman
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diagrams reviewing these transitions are showneicti® 5.3. Table 12 is a review of various
transitions in which these “bosons” are involved fead this table, find the)(%’mTv that is
located at the intersection of tlg row and thee" column. The interpretation is that ™

of (electric and color) charge o§4 and “color-anti-white”) operating on ag" of color “white”

yields au; of generic color “color”, o = X%’('Wetv, where past (future) is on the right (left).

Table 9 — Electro-Color-Gravi-Weak Quantum Numbersfor Select Fundamental Fermions

ug Y| % V| | % » | %] 0| 0|0
ug Yl K Y| | T % % | %[0 0|0
up o -1 | % | h| % % % | %|H| oo
e’ 0 0 o\ | K 7 % | X |X%| 0] 0
df %o % Y| | T % % | %] 0| 0|0
d’ Yl K Y | | % » | %lo] oo
d? o -1 | % | Hh| % % % | %|H| oo
Vel 0 0 %o K % 7 % | X |X%| 0] 0
Ug | % 7% |0 1 % Y | %|lo| % |o
UR Y| 7% | 0 1 b2 %» | %0 % |O
Ug O -1 | % |0]| 1 % o | Bl K| KO
er 0 0 7% 0 -1 7 Y | ||| O
dr B % 7% | 0 0 Ve | H|0]| %O
dg Y| 7% | 0 0 Ve » | H|0]| %O
dr o -1 | % |0]| 0O % o || Bl %o
Ver 0 0 7% 0 0 7% Y | || K| O
sq | % % | 0 0 0 -2 | %|lo| 0|
sq Y| K % | 0 0 0 -2 | %|lo| 0|
sq o -1 | % | O 0 0 -2 | %|%| o0 |%
sl 0 0 FA 0 0 0 2 vily 0 PA
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Doessg =AT,; +AT,, + AT =0,£1,...define a generalized Gravi-Weak Boson in the recigl

E8 lattice? These new “bosons” have properties similar to fermions (Eafitl) and electric

charges that are not expected by Minimal Supersymymethat are given by
Q=AY'/2+ AT, +(\/§ AT, +\/_6AT8HF )/3 thus correcting the relationship between electric

charge and hypercharge in the context of Hyperfl@lectroweak (HEW) unification.

Figure 4 — A Distorted Petrie Polygon of a 4-Simpbeof Gravi-Hyperflavor-Weak

Table 10 — The Leptoquark Bosons o8U(5) as Translation Vectors

Charges- V3x | 3x Charges- V3x | ¥x

| Bosons £9; Agg AY' st | Bosons k Agg AY' Alat
=" n %o -2 1 5wy | o2 | -1
xB® | K% K| -2 ] 1 %9 | % | »| 2 | -1
X 0w o | -1 | -2 1 X Pamb 0 1 2 | -1
y 7 ol ho| -2 -1 VA A B 7 1
YR | K | -2 | -1 Vo no| H| 2 1
y Yo 0 | -1 | -2] -1 y b 0 1 2 1
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Table 11 — The “Bosons” of Gravi-Hyperflavor-Weak & Translation Vectors

Charges- AT, J3x | /6% | J10x Charges- AT, V3x | J6x | 410x
| Bosons ATye| ATgye | ATg | Bosons ATaue| ATgue| ATg
W™ ,wy -1 0 0 0 W™, w 1 0 0 0
Y 0| -1]-210 W 0| 1 2 0
wo | % m| o] o w | nl s o] o
W, S A -2 0 A b B 2 0
w° 7| % 0 0 w o| 0 0
wO 7| 2 0 w o ¥ | -2 ] 0
v 7 Nl K| | T v 7 il ho| X | %
v 72 Tl T | K | N v 7 ool Ko| T | T
VARE 0| -1 | % | % VA ol 1| % | %
VARRE o 0o | % | % v o 0| % | %
Table 12 — Transitions in which Gravi-Hyperflavor-Electroweak “Bosons” Participate
Initial — . . . . . " . " . »
| Final ug e d. Vel Ur er dg Ver | SU sl
ug L xBEE wrhw o2 w2 w2 v 2
e | x| 2O WoLw 2w | 7w | PV
e [wowgl 2 Loy B w2 | w2 | vPTE 2
v 2| Wrw| ykee | 2 w2 | we | 2 | v
Uug w° ? W, ? | X Wi ? VRD% 2
e ? wl ? woo| X, 2w | 2 | v
dg Wy~ ? w ? W, ? ||y B vEFE 2
v 2w |2 w2 | W |y ? | VP
s | veF o2 | PR | o2 iR 2 | vPR| 2 | ?
sl ? VRD% ? VRD'V2 ? VLD’% ?2 | vo2] 2 |
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4.3 Generations and Generatons

Note that these dual 2-simplices (nested equilateiengles) of Generations (Table 13 and
Figure 5) duplicate Lisi’s “triality”. Lisi'sw quantum number has a similar effect as Qis
“generaton”, and only gives the triality result hase he used nested simplices to yield an effect

similar to theQ, generaton. Lisi’'sv might be sufficient to yield the Cabibbo anglet bat the

entire CKM quark and/ or PMNS neutrino mixing matri

Table 13 — Dual 2-Simplices of Generations

Dimensions| ad ae Dimensions| ad ae
Bosons | Q Qs Bosons Q; Qg

Charges- Charges-

! Gegs Q| VR ! Gergwls SRR
1*' Gen JA v Anti-1%Gen| % | %
2YGen | % | % Anti-2"Gen| % | %
39 Gen 0| -1 Anti-3“ Gen| 0 1

Figure 5 — Dual 2-Simplices of Generations

(t',B,r,vr,sfg) Qs

(c,s,,u,V#,sfz) (u,d,é,Ve,sfl)
Q,
[@.d.eve o) (6,§,,u,v#,sf_2)

(t,b,7,7,,sf,)
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5. New Theories

5.1 Hyperflavor — Weak Theory

Figure 6 demonstrates this new Hyperfla\SdZA)HF Weak Theory with fifteen components
that decompose into three charge dimens(@lscz,cs) (from Equation 4) that mix witlg to
form (Zo,zf,zg,H) and two 6-plets, each with three alternate basistors and opposites:
(Wowy wy Wl wi ) and (WO wTw, W wt w,t). This SO(24), is  the
Anti-de Sitter (AdS) group.

We assume that the rank-4 Georgi-GIash@Au(S)GUT exists in four-dimensional
Spacetime and the proposed ranlSEii(?)GUT of Postulate 3.2 (also see Equation 4) exises in

six-dimensional space. The difference betweensttislimensional Boson GUT space and four-
dimensional Spacetime yields a two-dimensional Vihbk of Weak-brane that allows anyonic

spin statistics [10]. Thus, we understand the csiofuof why the “scalar fermions(’sq, sI) of
Table 9 look like bosonic tachyons, and why thevisvdeak “V bosons” (VL,VR) of Table 11
look like fermions. We propose that this M2-bran&\eak-brane contains the AdS group [11].

Figure 6 — A Tetrahedron of Leptons and HyperflavorWeak Bosons

TSHF (Z:I(.))
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5.2 The Unified CKM-PMNS-Munroe Mixing Matrix

4 DY T O U l‘}éycw U ;%W U 7%’@ Rl% Sl%am q%e

g 75 TP DY T U ST oy RE gl ne

b 7 LA O U Ve TR -

v | _[ud U upt oy T T s RE | v | (15)
I VAT VPSR VA o P (N S

prow U7}/3,w6 Ug/g,,wé Ugg,wa 7O T2 D? Sg%,wﬁ Rﬁ}é p o

o' RE RE RE ST g gk po gl | sdbC
sy ) (gl gl gl p% O RE L RM e po fsv

This CKM-PMNS-Munroe Matrix (Equation 15) falls dotly out of the unused bosons in the

SU(11) Boson GUT of Postulate 3.3, and decomposes inteetimportant sub-matrices:

the Cabibbo—Kobayashi—-Maskawa (CKM) quark mixingrimg Equation 16), the Pontecorvo—
Maki—Nakagawa—Sakata (PMNS) neutrino mixing mafiguation 17), and the Munroe tachyon
mixing matrix (Equation 18). TheseD" diagonal entries are uniquely determined via the
properties of Special Orthogonal matrices and neajrdéated as effective particles that are related
to the Q Generatons. Independently, these sub-matricesotasbey Unitarity except in the

extreme mass limits of Mass(R,S,U)>>Mass, (D,T), which may be likely with

Mass(R, S,U)~2x10’GeV/c? from Ref [4], and an expectedass, (D,T)<5GeV/c?.

CKM Quark Mixing Matrix

d,__%‘c DlO TIOD TZOD d__}éc Vud Vus Vub
s e = T10 Dg TSOD S%YC < |V Ves Vo (16)

B (T2 T2 DY bR (v, V. V,

ts

PMNS Neutrino Mixing Matrix

Vg v Dg T40D TSOD Vlo v Ug Ug Ug
vt |1=| T, DY Tl vt |- |Uy, Uy, Ug (17)
V?’W Tso Teo Dg Vg’w Uy U, Ug

Munroe Tachyon Mixing Matrix
) [ DY UL sdk
:'}é,w - ‘%,WE 0 ‘}/z,w (18)
sv Uyg Dy J\sv
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5.3 Feynman Diagrams for the “New” Bosons aBU(7)

Figure 7 — Feynman Diagrams for the “New” Bosons oBU(7)

Note that all of these interactions are simple édegged fermion-boson-fermion interactions
because our bosons and fermions are dual laticeadh other (Postulate 6), so that bosons may
be defined as differences between fermions. The r@ason to have more than three legs coming
off of a vertex is if we are considering non-Abalidosonic interactions. The left-most column of
diagrams in Figure 7 demonstrates the Georgi-GlaskiandY bosons, which are not a new
concept, and only a couple of sample diagrams laog/s. These bosons allow proton decay,

which is disallowed to a lower limit 06.6x10* years, thus requiring the masses of thésad

Y bosons to be relatively large, possibly the PlaswMe or the new mass scale~02 x10* TeV
from Reference [4]. The middle column of diagramsndnstrates sample interactions involving
the new Hyperflavor bosons and their subtle heticitanging differences with Standard
Electroweak Theory.

The right-most column of diagrams demonstrategp#minteractions involving our new

tachyonic “scalar fermions/(sq sl) and “fermion-like bosons'(V, ,V;). These new tachyons

must be produced in pairs. We could imagine amaeten that begins like the top right diagram
whereby u%’r L s +VL}/2 L sq" +sq 00 +u%’g and theV “boson” is an unstable

propagator that enforces tachyonic pair production.
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6. “Theories of Everything”
6.1 A Modified E8 TOE

This E8 is different from Lisi’'s in at least two importargspects: 1) this fermion multiplet does
not contain spinors or anti-matter and, therefaamnot properly represent real particles, and

2) this TOE includes anSU(9) “Boson GUT” that decomposes into Hyperflavor, asiba
WIMP-Gravity, and a Georgi-GIashOV\SU(S). We could reproduce spinors and fermion
anti-matter with a seemingly inefficie®8x F4x F4x F @roduct of Lie Algebras.

E8g.s — SU(9)x SO16)x F 4
SU(9)aur — SU(7)eur xU (1) x SU(2), plus a 12-plet of bosons plus) bosons
~ SU(5)gur x SA24) ;¢ plus an 8-plet o bosons.
- SU(3). xU (1), xSU(2), plus a 6-plet each aX andY bosons.

Fdn :(r,g,b,W)Ec X(fl_D, f|_D, fRD,fE)GW >((:I'St’znd’3r9|Gen

4 - plex 4-plek 3-plet= 48 (29)
%,—/ %f—/ .
(93, 98,}/) (Z, B, G) (QS,QS) = 8 Basis
(aa, ab ag (t,ba, bb) (ad, ag =8 Dim

6.2 AnE10 TOE

This E10 theory is the first TOE candidate that includes-t@omponent Weyl-van der Waerden
spinors (based on Pauii matrices) and arSU(ll) “Boson GUT". Theoretically, this TOE does

not represent fermion anti-matter, or the Weak-/ ardGravity-brane and, therefore, cannot

reproduce the present value of the gravitationapting constant.

E10q.s — SU(L1)x SO20)x E6
SU[LD)gyr — SU(7)eur XU (1) x SU(4),s plus 12-plets oR, SandT, plusU bosons

E6R = (1,00 Wee X[, 10,18, 17.t) X (0 7Ta) g * (15820038

4 - plei 5- plek 2 - pletx 3-plet= 120 (20)
(9,95¥) (z2.2.9 (F,) (Q,.Q,) = 10 Basis
(aa, ab ag (t,ba, bb, bq (ca) (ad, ag =10 Dim
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6.3 Spinors and arE12 TOE

This E12 TOE now includes four-component Dirge spinors, anSU(13) “Boson GUT",

a 3-brane for a Gravity-brane plus a 2-brane foGeneration-brane that may collectively
comprise Witten's anticipated 5-brane [12]. Thisrane may be the M5-brane that is dual to the
M2-brane of Section 5.1. ThiSU(13) introduces new force bosons that are expectedeto b
responsible for generations. These four-componémaicly spinors may decompose into twistors
or pairs of two-component Pauli spinors with primed and unprimed indices [13].aBk note
that these simplices are multiplicative, and thuiidbup higher-dimensional lattices. As such the
E8; in Equation 21 contains many component symmetiesluding Lisi's triality

(of Generations), a duality (of Spinors), a pentalof Gravi-Weak Fermions), and an octality
(of Electro-Color times Matter/ Anti-Matter) (selket Extended Dynkin Diagrams of Figure 1:
240=8x30=8x(2x3x5)).

Table 14 — A 3-Simplex of Spinors Collapsing Into Wo 1-Simplices

Dimensions ca cb cc Dimensions ca
Bosons F; Fs Fis Bosons F;
Charges- Charges-
I Spi?lors Fo | V3R | VBRs | R ! Spi?lors B Fs
Oa v A A 0 matter g, A 0
T, Y A A 0 matter o, Y 0
Ou 0 -1 B A B A anti-mattero; 0 %
7T, 0 0 % JA anti-mattero, 0 A

E12.,5 — SU(13)x SO24)x E8,
SU(13)gyr — SU@1)g,r x SU(3), plus 20-plets ofN,_,, and P,_,, bosons

B8 =(rg.b W x(10 1018, 1R ) X(Tan 7Tan)py *(Lst20d.30c,,
4 - pleix 5- plek (2 + 2) - pletx 3- plet= 240 (21)
(93, QS,V) (2.7.2.9 m (Q3,Q8) = 12 Basis
(aa, ab ag (t.ba, bb, by (ca b c (ad, ag =12 Dim
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This 3-brane Gravity-brane leads to 1) the debnitof a 3-simplex of four-component spinors

that decomposes into a 1-simpldAB) of two-component spinor§o,,77,) equivalent to
(0,,0,) along theF, (C,) axis in Figure 3 and Table 14, and a second 14ekn{CD) of two-

component(aA,,ﬂA,) spinors (which is equivalent to a 1-simplex oftddd Anti-Matter) along

the collapsedFg (Cé) axis; 2) a proper definition for Dirac’s Large Nber ~10%° and the

present value of the Gravitational coupling conistaased on arguments in Reference [4]); and
3) a proper brane to contain and confine WIMP-Gyasfharges.

Analyzing the fundamental properties B12, we have the Coxeter-Dynkin diagrams of
Figure 1. Although this Coxeter-Dynkin diagram dersipates an isomorphism between this

guasi-exceptionaE12 and E8% H 4, it is interesting to observe th&1l2 contains a 5-brane

(the 3° factor in Equation 2) thaE &a 3* factor) does not contain. However, this diagram
implies that theE8x H 4product may be more fundamental than the quasgianal E12.
Certainly, Lisi has made thE 8ymmetry group popular. Thl4=G 4 the 120- / 600-cell
group with a diploid hexacosichoric symmetry.

This E8x H 4 isomorphism of the quasi-exceptionBl2 has a substructure similar to
the Clifford divisor algebras, Octonions and Quaitems. Octonions decompose as t8a(5)
tensor 10-plets (one symmetric and one anti-syma)etwo vector 5-plets (one polar and one
axial), and two scalars (one real scalar and oeedusscalar). Quaternions decompose as one

anti-symmetricsd4) tensor 6-plet, two vector 4-plets (one polar and axial), and two scalars

(one real scalar and one pseudoscalar). Octoniensetated to arE &lgebra, Manogue and
Dray have attempted to construct a 10-dimensiowédidon Theory [14], and Lisi has attempted
to construct anE 8Theory of Everything [1]. Manogue and Dray embeat@@xtonions into a
complex 2x2 matrix, thus implying 10 dimensions. In principléheir theory could be
reformulated into a 12 dimensional theory by repnéieg the complex2x2 matrix
transformation as a redlx 4 matrix (a real Quaternion) transformation.

Previously, the author [4] made the observatidrad 1) Quaternions can represent the
decomposition of Spacetime, and 2) Octonions cortad tensor 10-plets — one of which could

contain Einstein's ten coupled tensor Field Equetio of General Relativity:

Rys ~1945R+Ag,; =G, +NQ,; =87T,, [15]. If the QuaternionicSO4), tensor 6-plet

represents Gravity and one of the Octoniol‘st)O tensor 10-plets represents a related force

called WIMP-Gravity (Weakly Interacting Mediatin@iicle Gravity — these are the “Fifthons”
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of Table 3), then these forces may mix quantum rersio form Clifford bivector interactions

(implied in Section 4.2) and a massless Gravitofolsws:

80(5), x SA4)q ~ U (l)s xSA51)¢ ¢ - U(1)s +10¢ ¢ +5¢ (22)

where5; =(F,, F,,F;,Fs.Fig) and10; ¢ =(Fo e, FLc ) — see Tables 3 and 4.

The SA51);  lies on the M5-brane that is dual to the M2akraontainingSQ(24),,. and thus
we have the complementary symmetri86(51); ¢onms = SO6)= SA24),¢ onu» that seem to

define how the twelve dimensiondl2 decomposes into a five dimensional M5-brane
(of WIMP-Gravity and Generatons) plus a one dimamai string (of Gravity) plus a two
dimensional M2-brane (of Hyperflavor) plus four dinsions of Spacetime. This bivector union
of Gravity and WIMP-Gravity tensor components disads the 4-dimensional Quaternion to the
8-dimensional Octonion. The Quaternion subsequeettperienced an inflationary period
(Reference [4] presented an inflationary phase gha@aused by the thermodynamics of Quantum
Statistical Grand Unification and the primordialsras of the(ZO,W*) bosons) that produced a
4-dimensional Spacetime, while the Octonion inflatery little thus forming the 8-dimensional
Hyperspace required for a 12-dimensiongl2 Theory of Everything. Knowledge of the
Octonion and the particles and fields confined initits surface are obscured by the smallness

(and equivalent large energy scdlp=> 71/Ax ) of the Octonion.
The (L51010,5,1) symmetry of the Octonion implies that thidi®iensional Octonion

decomposes into a 5-brane, a 2-brane, and a 1-diomah string (aU(l)G of Gravity).

35'2'2'11 symmetry ofE12 than thels‘mj symmetry of E 8

This symmetry is closer to thb,
The (14641) symmetry of the Quaternion combined Witk (1,331) symmetry of Vector

Algebra likewise implies that this 4-dimensional aernion decomposes into a “3-brane” of
Space and a “1-dimensional string” of Time. Notattthe geometrical nature of these simplices
allows certain dimensions to collapse. This featisreelated to BRST Theory and Clifford

bivectors. One of the Spinor dimensions &12 collapses to yield two 1-simplices

(Fg =(\/§F8 +\/5F15)/3, see Equation 21 and Table 14). And one of theerigvor-Weak

dimensions may collapse to yield a Pati-Salam Weddakg =(\/§T3HF +\/§T8HF )/3
see Table 8). Such a broken symmetry or dimensicoldpse could explain why the scalar

fermions (sf,, f,, sf,,sf,,sf;, sf,) have not been discovered. It is interesting to ane the
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number of E12; = 672roots with the multi-dimensional Kissing Numbepplem. We find that

this number of roots falls between the best elalierensional bounds of 582 [16] and 870-905,
and far below the 12-dimensional lower-bound of.88l8us thisE12 TOE collapses into eleven

effective dimensions — apparently consistent witiT Meory.
6.4 AnE8 x H4 “Quiver of Quaternions” TOE

A spin-off of theE12 TOE is arE8xH4 TOE. This theory contains a “quiver of quatersioj8]
with 120 H4 vertices each connected to an Octonion, and itslasities to E12 were
demonstrated in Figure 1. These 1P0} vertices may be related to tHgU(11) Boson GUT
120-plet of Postulate 3.3, and these Octonions e@h represent th& 8ermion GUT of
Equation 21 (also see Table 9). TE8xH4 TOE lacks most of thé&e12 TOE scalar content,
but may contain the Standard Model Higgs via Eaquesti4 and 5. CuriouslyE &nd
H4 have the same symmetries based on their Dynkin gralias with
E8, =240=8x(2x3x5) and H4, =120=4x(2x3x5), so that both symmetries exhibit

two-fold “duality”, three-fold “triality”, and fivefold “pentality” symmetries.

7. Discussion

Lisi's E8 TOE had some theoretical shortcomings, such akist’y E8 is a Gosset lattice —
the Gosset lattice has many symmetries based dyitkin diagram With240=8><(2><3>< 5),

but Lisi has not yet identified the five-fold “petity” symmetry, 2) it is inconsistent for part of
this Gosset lattice to inflate into Spacetime whileother part remains a small Hyperspace,
therefore all dimensions must be Hyperspace dirnessind Spacetime is not fully incorporated,
and 3) Lisi included the third generation of fermgédn the samesd16) as bosons and separate
from the first two generations of fermions. TiE@ Gosset lattice and this paper’s simplices imply
that hyperspace may have structure.

Does spacetime or hyperspace have substructung&ir®e String Theory/ M-Theory
has the substructure of p-branes. And Causal Dywmnmiriangulation (CDT) has the
substructure oi(D —1)-simp|ices. Because this paper's geometries arweatbfrom simplices,
they relate directly to CDT, but may also be relate® nets of simplices on p-branes.

Many physicists are reluctant to support a Strilgdry/ M-Theory that may have as many as

~10°% degrees of freedom. The point is that a TOE siscE 8, E10, E12 or E8x H 4 should
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reduce the number of relevant parameters to doaehe many of the~10°®° degrees of
freedom are “hidden variables” that are obscuredth®y averaged observables of quantum
mechanics, and thus tie into some of the classiasdy Einstein (hidden variables [17]) and
Dirac (large numbers [18]). A best estimate on thenber of degrees of freedom in a
12-dimensionalE12 “Membrane Theory” may be obtained from an expamsib the Large

5 (1040x2 )(4+%)

Number arguments in Reference [4]10°% . Although this is an extremely large

number, it is not infinity — an infinite number lkerwould lead to an infinitely weak
(and incorrect) Gravitational coupling constant! tBése~10°* degrees of freedom, we have

~10**° space-momentum initial conditions,10* time-energy initial conditions, and10%*

hidden variables (some of these variables lie @ Ghnavity-brane and enforce Dirac’s Large

Number of ~10%, while many of these may be constrained or “egitaii with other variables

via geometrically conserved quantum number “fossfhnants of a collapseB12 lattice with
Clifford bivectors and/ or BRST Theory). Note thatr Universe has-10%® hidden variables

and ~10'® particles, which introduces enough degeneracy #manglement is allowed.
Strings plus entanglement may explain the acties-distance behavior of Electromagnetism and
Gravitation. It may be more appropriate to thinkaofparticle” as an entangled collection of
lattice vibrations. The small number of TOE pararetmakes the Universe intelligible,
while the large number of quantum-obscured andngted hidden variables introduces enough
chaos that we can never know everything about thieddse.

Another “problem” with String Theory/ M-Theory ighe failure to discover
supersymmetric particles at the Tevatron or the (H@s far). Note that the “scalar fermions” in
Section 4.2 are defined in terms of Gravity quantwimbers and appear to be completely neutral
to the Hyperflavor-Weak quantum numbers of Table 8ven more neutral than the elusive

right-handed neutrinos. The author is on recordgdstating that supersymmetric particles may
exist at a proposed Gravity/ WIMP-Gravity unificatienergy scale of 2x10* TeVather than
the generally expected Weak energy scale<of T@aYiis leads to fine tuning of 1 part in

~5x10% =(2><1O4 TeV)Z/(0.09TeV)2, which is similar to some important scaling nunsber

1) the low-energy ratio of the electromagnetic ®aw couplings~ 2x10°, 2) the inverse of the

low-energy weak coupling-3x10", and 3) the cube root of Dirac’s Large NumbeBx10"3,

which is the number of direct lattice sites per dngpace dimension. This energy scale of

~2x10%TeV can be attained by cosmic rays, not by superestid
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If Supersymmetry (SUSY) exists, it will requirelaast anE12x E12 product of Lie algebras to
contain supersymmetric particles. Postulate 6 dspsgpersymmetric partners to lie in dual
lattices. But what is dual to our newly fouR@2?E12 has 672 roots, which implies a product of

two of Klein’s x(7) curves or ten-dimensional laminated latties with an order of 336 each.
The dual to KIein’S)((7) is the cubic symmetrid¢=,;,B with an order of 56 (one-sixth of 336),

but this is too far removed from the original tweldimensionaE12 lattice to determine a dual.
E12 has similarities withE8x H 4 TheE8 Gosset lattice is self-dual with 240 roots, bidtis
represented by the 120-cell which is dual to the-&€l. Thus, our Supersymmetric dual lattice
may contain at leas840=240+ 60@®ots, more than our origin&ll2 lattice with 672 roots.

What are our expectations for SUSY particle corteWe should expect particle

multiplets of scalars (intrinsic spin 0), matternfédons (intrinsic spin;), vector bosons
(intrinsic spin 1), gravitino fermions (intrinsipis %), and tensor bosons (intrinsic spin 2) —
a total of five distinct particle multiplet&14 has 1,008 roots, which implies a product ofdlog
Klein's x(7) hyperbolic curves. Thus, the product B12x E14 contains five x(7) curves or
N\,’S — enough to contain five distinct particle mpikits in a 26-dimensional space.

These Klein x(7) curves have some interesting properties. If wesicem x(7) “filled
heptagons” equivalent to filled atomic orbital deethen we should expect “stability” for the
following particle multiplets: 14=1x14=1,(7), 112=8x14=4xS08), 210=15x14
= 2xSO15), 308=22x14, and a filled x(7)~336. We might also expect “partial stability”
for the following shapes:28=4x7= S8) star, 42=6x7=2xS(7) polygon, and

140=20x7 polygon. If we count our vector boson content, e (gl_s,y,Z,Wi)D’D and

(Z,W*)L for a total of 27 quantum states including londital dgf's derived from scalars,

or 24 quantum states not including longitudinal sigEither way of counting, we are short of the
28 dgf's required for partial stability, and shotidis expect another vector (or scalar?) boson to

exist in this low-energy realm. If we count our teat fermion content, we have

0,0

(0.0,6.500) 0 e (1.8, 58E8) g0 (07000, )

- — — —\oOo
Py and(e,,u,r,ve,vﬂ,vr) g for

L,
192 quantum states, also short of the “stable” @&0-

Our E14 contains a factor of2(7) which might be the central heptagon or “centralon”
of each of these KIein)((7) curves, and thus tie these supersymmetric partiadtiplets

together. Two interesting observations abdhis centralon include 1)E12xE14 has
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Figure 8 — Klein's (7) Curve and Hyperbolic Heptagonal Tiling
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1,680=5x 336 (five )((7)’3) =7x 240 (sevenE 8s) roots so that each of the seven edges of the
centralon connects with aE  &lgebra, and 2) comparison of KIein’,v(?) curve with
Heptagonal Hyperbolic Tiling (Figure 8) yields adtal )((7) order of 336+16k [19], where

k =0.18034, so that five x(7)’s have an order ofx (336+16k)=1680+80k =1680+144,

and our remainder df44= 1i an1,(7) centralon in addition to the roots &fi2x E14.

The pattern of simplices that collectively comeriis E12 TOE imply that space is a
3-simplex of Electro-Color that is designated bgnénsionsaa(l), ab(2) andac(3), the Weak-
brane is an M2-brane plus a string designated medsionsa(5), bb(6) andbc(7) that couples
with Time (designated by dimensid()) to form the 4-simplex of Gravi-Hyperflavor-Wea
the Gravity-brane is a 3-brane designated by diilnasga(8), cb(9) andcc(10) that forms the
3-simplex of Spinors, and the Generation-braneZsbaane designated by dimensi@ull) and
ag(12) that forms the 2-simplex of Generations. Tisnbering system for dimensions reflects
the possibility that the 26 dimensions of Stringdty decompose first into time and five quintets
(5-branes) of Space/ Strings, and then the ten nmogbrtant dimensions of String theory
decompose into time and three triplets (3-brandslSpace/ Strings [4]. Organizing these

dimensions into branes is equivalent to buildifgexiodic table” of dimensions, and is expected
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to look something likeaa(1), ab(2), ac(3), t(4), ba(5), bb(6), bc(7), ca(8), ch(9), cc(10), ad(11),
ag(12), bd(13), bg(14), cd(15), cg(16), dd(17), dg(18), da(19), db(20), do(21), ea22), el(23),
eq24), ed25) andeg26). Important sub-GUT's include a four-dimensibfaa, ab, ac, )

SU(5),r. @ seven-dimensional (adba, bb, by SU(7)s,; xU(l)s, a ten-dimensional
(addca, cb, c§ SU(11),, ., a twelve-dimensional (adal, a9 SU(13).,; , a 14-dimensional
(add bd, b§ SU(15),,; . an 18-dimensional (addd, ce, dd, de SU(19),,., and a
26-dimensional (adda, db, dc, ea, eb, ec, ed) &U(27),,; (see Table 15).

Lisi's E8 TOE would not reproduce the same Gravity-branecrizsd here.
Without properly representing the Gravity-branesilshould not be able to reproduce extreme
numbers such as Dirac’s Large Number, Einstein’'sn@dogical Constant or the present value of
the Gravitational Coupling.

The author previously filled in th&12 particle multiplet with Hyperflavor-Electroweak
leptons and quarks [4]. Although these particlesukh exist at the Planck scale, and should be
related to Kaluza-Klein leptons and quarks, theg aot part of these fundamental particle

multiplets. If we expand our simplices integular lattices, then the fundamental ipart

Table 15 — Periodic Table of Dimensions

aa(l) | ab(2) | ac(3) t(4)
color | color | electro] weak

ba(5) | bb(6) | bc(7)
HF HF | gravity

ca(8) | cb(9) | cc(10)| ad(11) | ae(12)
WIMP | WIMP | WIMP | Gen Gen

bd(13) | be(14)

cd(15) | ce(16)

dd(17) | de(18)

da(19)| db(20) dc(21

ea(22)| eb(23) ec(24) ed(25) ee(2p)
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multiplets expand into Kaluza-Klein particle muldfs that quickly expand into an infinite

lattice, similar to the twelve dimensional Coxeterdd K12 lattice with 756 minimal roots

(nearest-neighbor lattice sites) that expands H@B82 long roots [6] (next-nearest-neighbor
lattice sites) and so on to infinity.

In Chapter One, we chose not to consider Elfl or larger TOE. The seven-fold
symmetries of these larger exceptional groups requa 6-brane 6-simplex that requires
combining branes in an unexpected manner (suchrabining the M5-brane with another string,
which may cause normalization problems), or degvine 6-simplex from higher Hyperspace
dimensions. Analyzing the isomorphism fdfl4, we realize thatE8x H4><I2(7)_> E14
(Equation 2) brings in a factor of aq(7) heptagon group as well — clearly makiig4 a less
simple group than (the already non-simple, sempsnE12.

It may be reasonable to consider B26 -~ E12xE  T@E in which the dimensions
have evolved such that tHel4 represents unimportant (non-physically relevantratiscovered
Supersymmetric) branes, andl2 represents the most important (most physicallywvarht)

branes. These “Exceptional” Lie algebras may dentty smaller Lie algebras via the cascade

demonstrated in Table 16.

Table 16 — 26-D String Theory Cascade

Dim TOE’s & sub-GUT's Dim
26 E26 - 26
14 E14x E12 12

14 | - E10xSU(15)xSO28) | - E8x SU(13)x S((24) | 12

10 | - E6'xSUYxSO20) | - F4xSU(9)xsSA16) |8

6 - G2xSU(7)xs012) | - su(5)xsds) 4

2 - SU(3)xsd4)

7. Conclusion

Theories of Everything (TOE’s) based di8, E10, E12, and E8xH 4 “Exceptional”’ Lie
Algebras were compared and contrasted. Althouglofathese ideas seem to have the proper
framework for a TOE, this paper presented the terelvnensional (four of Spacetime plus eight

of HyperspaceE12 as a preferred candidate.
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